A previous model for the calculation of poloidal velocities and poloidal density asymmetries in the core of a tokamak plasma is refined and extended by the inclusion of terms which are important for the calculation of these quantities in the plasma edge. Agreement of predictions of the model with experiment is demonstrated. The effects of edge pressure gradient, collisionality, neutral density and up-down flux surface asymmetry on the edge poloidal rotation velocities are illustrated by a series of model problem calculations.
I. INTRODUCTION
Several years ago, we developed 1 a ''first-principles'' neoclassical calculation of the poloidal rotation and poloidal density asymmetries over the flux surface in a multi-species tokamak plasma, based on solution of the particle and poloidal momentum balance equations. When toroidal rotation speeds ͑and densities and temperatures͒ were taken from experiment, the calculation predicted poloidal rotation speeds and density asymmetries which, when used to evaluate the neoclassical gyroviscous momentum transport rate, 2 led to the prediction of momentum confinement times and central toroidal rotation speeds in agreement with measured values for a number of different tokamaks. 3 More recently, this calculation of poloidal velocities and density asymmetries, 1 which requires toroidal velocities as input, has been coupled with a neoclassical calculation of the toroidal velocities. The coupling is via a neoclassical gyroviscous model 2 for radial momentum transport, which requires the poloidal velocities and density asymmetries as input. The iterative coupling of these three models provides a self-contained and self-consistent neoclassical calculation of poloidal and toroidal rotation 4 that requires only the external momentum input ͑and plasma density and temperature͒ as input. This combined calculation has been successful in predicting toroidal rotation velocities and momentum confinement times in agreement with a wide range of DIII-D experiments 5, 6 and in predicting the measured poloidal rotation in the one DIII-D shot for which a comparison has been made to date.
Given this measure of confirmation of the theory and the growing importance of poloidal rotation ͑e.g., the observation of changes in poloidal rotation at the L -H transition [7] [8] [9] ͒, we have undertaken to refine the existing model for the calculation of poloidal rotation and density asymmetries in the plasma core and to extend its applicability to the edge region, where ionization sources, chargeexchange momentum sinks, pressure gradients and up-down asymmetries in both the flux surface geometry and the ionization sources become important. The purpose of this paper is to report this development of a refined and extended calculation of poloidal rotation and density asymmetries over the flux surface in tokamaks and its application to investigate poloidal rotation in tokamak plasmas.
II. CALCULATION MODEL

A. Basic equations
The calculation model is derived from the basic particle balance
and momentum balance equations n j m j ͑ v j •ٌ ͒v j ϩٌ• I j ϩٌp j ϩe j n j ٌ⌽ϩn j e j v j ϫB ϭM j ϩR j Ϫm j S j v j , ͑2͒
where n j , v j , m j , e j , p j , and j are the particle density, velocity, mass, pressure, and viscosity tensor of ion species ''j.'' R j and M j are the interspecies collisional momentum exchange and the external momentum source or sink for species ''j,'' and S j is the particle source for species ''j.''
B. Coordinate system and flux surface geometry
We use a right hand (r--) toroidal coordinate system, where r is the minor radius, is the poloidal angle measured from the outboard midplane, and is the toroidal angle. The positive -direction is defined to be the direction of the plasma current, so that B is always positive. When the toroidal field is parallel to the plasma current, B Ͼ0 and when the toroidal field is opposite to the plasma current, B Ͻ0. When the toroidal component of the beam injection direction is parallel to the plasma current, M and v are positive, and when it is opposite to the current direction they are negative.
Noncircular plasma geometries are represented by equivalent circular geometries; e.g., a plasma with minor radius ''a'' and elongation is represented by a circle with an equivalent minor radius a eq ϭa((1ϩ 2 )/2) 1/2 that conserves surface area and an equivalent radial coordinate r eq ϭr((1 ϩ 2 )/2) 1/2 . The in-out asymmetry introduced by the toroidal geometry is represented by writing RϭR 0 (1ϩ⑀ cos ) and B ϭB o /(1ϩ⑀ cos ). We represent the up-down asymmetry in the poloidal magnetic field associated with a single null divertor by writing
where USN and LSN refer to ''upper single null'' and ''lower single null,'' respectively, and H is the Heaviside function. H 0 ϭ1 in the interval 0рр and vanishes in the interval рр2 to approximate the effect of an upper single null divertor in weakening the poloidal field in the upper part of the plasma. Similary, H 2 ϭ1 for рр2 and vanishes for 0рр to represent the effect of a lower single null divertor in weakening the poloidal field in the lower part of the plasma.
C. Ordering
We consider an ordering that is appropriate for a strongly rotating plasma ͑v Ϸv th , EϷB ͒ with sharp gradients (L ϵ((Ϫ1/p)‫ץ‬p/‫ץ‬r) Ϫ1 Ϸ ϵmv th /eB ) and make the usual tokamak assumptions about the ratio of the poloidal and toroidal magnetic fields (␤ϵB /B Ӷ1) and the magnitude of the minor to major radii (⑀ϵr/RϽ1). We further restrict the up-down asymmetry factor to the range 0рϽ1.
D. Constitutive relations
We use the simple Lorentz model for the collisional momentum exchange
We use the neoclassical parallel viscosity tensor obtained by extending the classical rate-of-strain tensor formalism to toroidal geometry 2 and use a neoclassical parallel viscosity coefficient 10 that takes banana-plateau collisionality effects into account
where qϭ͉rB /RB ͉ϭ⑀/͉␤͉ is the safety factor and the normalized collision frequency is jk * ϭ jk qR/v thj . The poloidal component of the divergence of the parallel viscosity tensor, which is the only component that we will need, can be written
where 1 2
͑7͒
E. Form of the toroidal velocity
The radial component of the momentum balance equation, Eq. ͑2͒, yields a relationship among the toroidal velocity and the density, poloidal velocity, electrostatic potential, and magnetic field In the subsequent development, we will use Eq. ͑8͒ to represent the poloidal dependence of the toroidal velocity in terms of the poloidal dependence of the other quantities appearing in that equation, then use the flux surface average of this equation
Ј͑r͒,
͑10͒
to replace ⌽ Ј with v j , v j and pressure gradient terms in the final result.
F. Form of the poloidal velocity
Taking the flux surface average ͑denoted by ͗ ͒͘ of Eq. ͑1͒, noting that the lowest order particle fluxes are within the flux surface and assuming axisymmetry yields ٌ͗•n j v j ͘ ϭ͗S j ͘ϵS j , which may be subtracted from Eq. ͑1͒ to obtain 1 r ‫ץ‬ ‫ץ‬ ͑͑1ϩ⑀ cos ͒n j v j ͒ϭ͑ 1ϩ⑀ cos ͒͑S j ϪS j ͒, ͑11͒
in toroidal geometry. This equation can be integrated to obtain a ''surface function of integration,'' K j (), and a particular solution arising from the inhomogeneous particle source term. K j can be determined by flux surface averaging the resulting equation and setting it equal to the average value over the flux surface of the poloidal velocity, v j
͑12͒
Thus, the -dependence of the poloidal velocity depends on the -dependence of the density and ionization source and on the toroidal geometry metric ͑1ϩ⑀ cos ͒.
We will develop equations for the determination of the v j in a later section.
G. Form of the inertial term
Taking into account that the particle fluxes in the flux surface are much greater than the particle flux across the flux surface to drop v r terms, we can write the poloidal component of the inertial term, which is the only one that we will need, as
H. Representation of poloidal density asymmetry
We represent the poloidal asymmetry over the flux surface of the particle density by a low order Fourier series expansion
We will develop equations to solve for the n j c/s . We expect that a low-order Fourier expansion will be adequate because the flux surface geometry and the neutral ionization source ͑see subsequent discussion͒ both have a low-order Fourier asymmetry ͑sin and cos ͒.
I. Ionization and neutral beam ion sources
The source of ions in the edge plasma is due to the ionization of recycling and fueling neutrals. Although fueling neutrals are introduced into the plasma chamber at poloidally localized sites, by the time they have diffused inward across the separatrix into the edge plasma they will have spread poloidally. Similarly, recycling neutrals in diverted plasmas will originate at the divertor plate, which constitutes a source that is highly localized at the top or bottom of the plasma, but this source will spread poloidally by the time the neutrals have diffused across the separatrix into the edge plasma. Thus, we represent the distribution of such neutrals in the edge plasma as a low-order Fourier expansion
where the coefficients must be determined by evaluating the Fourier components of the calculated or measured neutral density, n o (r,)
Fast ions formed by the ionization or charge-exchange of neutral beams will be initially created along the path of the beam. However, by the time these fast ions have slowed down to become a source of thermal ions they will have been spread over the flux surface. For example, a beam injected horizontally at the outboard midplane will produce a source of fast ions localized poloidally at ϭ0, but by the time these ions slow down to thermal their poloidal asymmetry can be represented by cos .
Thus, we represent the ionization source for species ''j'' as
We note that the accuracy of a low-order Fourier representation of the poloidal distribution of the ion source arising from pellet fueling is questionable, and it may be necessary to go to a higher order representation.
J. Asymmetric radial particle flux
We allow for the possibility of a poloidally asymmetric radial particle flux by writing
where the Fourier coefficients v r c/s must be determined from other calculations.
K. Electrostatic potential representation
The poloidal dependence of the electrostatic potential is represented as ⌽͑r, ͒ϭ⌽ ͑ r ͒͑ 1ϩ⌽ s ͑ r ͒sin ϩ⌽ c ͑ r ͒cos ϩ¯͒, ͑19͒
and the poloidal component of the electron momentum balance is used to relate the Fourier coefficients for the electrostatic potential to the Fourier coefficients of the ion densities
L. Moments equations
We develop equations for determining the v j and the n j c/s by taking moments of the poloidal component of Eq. ͑2͒ weighted by 1, cos , sin ,... and flux surface averaging. To simplify the subsequent evaluation of the moments equations, we divide Eq. ͑2͒ by n j m j (1ϩ⑀ cos ) before taking the flux surface average
After considerable algebraic reduction, retaining terms through quadratic in the small quantities (⑀,,n j c/s ,n o j c/s ,⌽ c/s ), these equations can be written
͑24͒
The terms in Eqs. ͑22͒-͑24͒ are
A set of Eqs. ͑22͒-͑24͒ obtains for each ion species in the plasma. These equations are explicitly coupled among ion species through the collisional momentum exchange ͑ jk * terms͒ and through the electrostatic potential, as indicated by Eq. ͑20͒. The upper symbol ͑Ϯ͒ is taken for USN divertor configurations, and the lower symbol for LSN, in the above equations.
M. Discussion
Equations ͑22͒ determine the average poloidal velocities, v j . The terms on the right may be regarded as driving the poloidal velocity. We can trace through the effect of these terms on the direction of the poloidal velocity, assuming for the moment that the term in square brackets on the left is positive. An outward ͑positive͒ radial particle flux drives a negative poloidal rotation. A positive/negative poloidal external momentum source drives a positive/negative poloidal rotation. The collisional momentum exchange with other species drives a poloidal rotation in the direction of the poloidal rotation of the other species. The inertial forces and viscous forces can drive positive or negative poloidal rotation, depending on direction of the beam injection and the toroidal magnetic field relative to the direction of the plasma current, the poloidal location of fueling sources, and the sign of the density Fourier coefficients determined from Eqs. ͑23͒ and ͑24͒. If the term in square brackets on the left is negative, the directions of the poloidal velocity would be just the opposite. The contribution of collisional effects to the term on the left are positive, and the contribution of inertial and viscous effects can be positive or negative, depending on the factors discussed just above.
Equations ͑23͒ and ͑24͒ determine the density Fourier coefficients, n j c/s . Other than noting that they depend on the mean poloidal velocities determined from Eqs. ͑22͒, on the n k c/s for other ion species, and on the same factors discussed in the above paragraph, it is difficult to gain any physical insight from their examination. 
N. Toroidal rotation calculation
In order to calculate the toroidal rotation in this paper, we use a volume-integrated momentum balance model
and the assumption of a common toroidal rotation for all species. We have previously found this simple model to yield results in good agreement with experiment. 5, 6 Here, ⌫ is the toroidal torque input ͑e.g., from neutral beam injection͒, and
is the toroidal momentum confinement time.
The neoclassical gyroviscous theory 2 is used to calculate the toroidal component of the divergence of the anisotropic stress tensor
where
and 4 j ϭn j m j T j /e j B o . If v is written as the product of a known ͑from experiment or assumed͒ radial profile function and an amplitude factor, v 0 , and the poloidal velocities and density asymmetries are calculated as discussed in the previous sections, then the above equations can be solved for v 0 , and v (r) can be constructed by multiplying the known profile function by the calculated v 0 .
III. ROTATION IN THE CORE PLASMA
A. Comparison with experiment
The above calculation model was applied to calculate the poloidal and toroidal rotation in the core of a L-mode DIII-D shot ͑#98777 @ 1600 ms͒ with 4.5 MW co-injected neutral beam power and a principal carbon impurity concentration of 1.1%. The poloidal rotation calculation was made for carbon at r/aϭ1/2 where the up-down asymmetry and the radial pressure gradient were negligible ͑Ϸ0, P j ЈϷ0͒ and the radial particle fluxes were small (v r Ϸ0), and for horizontal beam injection for which the poloidal beam momentum input was zero (M j ϭ0). The calculated ionization source (v ionj * ) due to beam injection was included but was negligible. The results are compared with the measured carbon rotation and experimental quantities constructed therefrom in Table I . Results of a previous calculation using the original poloidal rotation calculation model and the same toroidal rotation calculation are also given in the last column of Table I . Taking into account the numerical approximations ͑see Ref. 6͒ and that the uncertainty in the measured poloidal velocity is of order unity, 11 the calculated values are in good agreement with the measure values. Comparing the last two columns of calculated results, it is clear that the refinements and corrections to the calculation model do not make a significant difference in the calculated results for the rotation in the plasma core under the conditions described above.
B. Directionality effects
However, the refinements to the calculation model now allow an unambiguous calculation of the effect of the relative directions of the toroidal field, the plasma current and the neutral beam injection. In shot #98777, the plasma current and the beam injection were in the ͑positive͒ counterclock-wise direction looking down on the tokamak, and the toroidal field was in the ͑negative͒ clockwise direction. To investigate directionality effects, we made two other calculations. In one, the current, toroidal field and beam injection were all in the ͑positive͒ counterclockwise direction, and in the other the current and the toroidal field were in the ͑positive͒ counterclockwise direction but the beam injection was in the ͑negative͒ clockwise direction. We note that it is whether the various components are parallel or anti-parallel, not whether they are clockwise or counterclockwise, that matters in the formalism.
The calculated results for these different directionalities are compared in Table II , where ϩ/Ϫ indicates parallel/antiparallel to the plasma current. The calculated rotation velocities ͑poloidal and toroidal͒ are quite different when the beam injection is parallel or anti-parallel to the current. This difference arose from a difference in the sin component of the density asymmetry for beam injection parallel and antiparallel to the plasma current.
C. Collisionality effects
Collisionality enters the calculation of poloidal velocities and density asymmetries through the friction terms ( jk * ) and the viscosity terms ( f j ͓ jk * ͔) in Eqs. ͑22͒-͑24͒. The friction terms tend to force the poloidal velocities of all species to take on the same value, as may be seen in Eq. ͑22͒. On the other hand, the viscosity terms tend to drive the poloidal velocities of the two species ͑in a two species model͒ to be of opposite sign, a result which is not obvious from Eq. ͑22͒ but which is found explicitly in early models ͑e.g., Ref. 10͒ in which the poloidal velocity was calculated from ͗B•ٌ•͘ ϭ0. Thus, the relationship between the poloidal velocities of the main ion and impurity species can be of the same or opposite signs, depending on the relative importance of the poloidal friction and viscous forces, both of which depend on collisionality. The viscosity function f j defined by Eq. ͑5͒ is plotted against j j * in Fig. 1 .
In order to investigate the effect of collisionality, we used the same parameters as discussed above for DIII-D shot #98777 at 1600 ms, but varied the temperature to alter collisionality without altering the plasma mass ͑see Table III͒ . The deuterium and carbon poloidal rotation velocities are identical at the highest collisionality considered but vary by almost a factor of 2 at the lowest collisionality, and are of the same sign over the entire range of collisionality. This result is consistent with the result found previously in Ref. 12 . The variation of the magnitude of the poloidal velocities and of the pobidal density asymmetries with collisionality causes a large variation in the momentum confinement time and central toroidal rotation velocity calculated from Eqs. ͑26͒-͑29͒. In general, momentum confinement is predicted to improve with decreasing collisionality.
IV. ROTATION IN THE EDGE PLASMA
In the edge plasma the pressure gradient ( P j Ј), the ionization source ( ionj * ), the charge-exchange momentum sink (M j ) and ͑in the case of single null divertor configurations͒ the up-down asymmetry ͑͒ terms that were neglected in the core plasma calculations can become important. We use the same DIII-D model parameters as above, and fix the edge toroidal rotation velocity at the measured value of 1.75 ϫ10 4 m/s, to investigate the effect of these terms on the calculation of poloidal rotation velocities in the plasma edge.
A. Effect of edge pressure gradient and collisionality
We calculated the poloidal rotation velocities and density asymmetries for the deuterium main ions and the carbon impurity ions for edge temperature and density gradient scale lengths over the range 1рL n ϭL T р10 cm. We carried out the calculation for the measured edge density of 0.75 ϫ10 19 m 3 and temperature of 100 eV, corresponding to collisionalities ͑ D *ϭ0.14, carb * ϭ1.78͒, for a lower temperature corresponding to collisionalities ͑ D *ϭ0.51, carb * ϭ6.57͒, and for a higher temperature corresponding to collisionalities ͑ D *ϭ0.036, carb * ϭ0.48͒. These three collisionalities are referred to below as ''medium,'' ''high,'' and ''low,'' respectively. The calculated ''ion'' ͑deuterium͒ and ''impurity'' ͑car-bon͒ edge poloidal rotation velocities are plotted versus edge gradient scale length in Fig. 2 . At high collisionality ͑circle͒, the deuterium and carbon poloidal rotation velocities are essentially identical and vary from slightly positive with weak gradients to significantly negative as the edge gradients increase ͑gradient scale lengths decrease͒. For the medium and low collisionality cases, the deuterium and carbon rotation velocities are of opposite sign and increase in magnitude as the gradient scale lengths decrease. Of particular note is the very strong increase in the positive carbon rotation with decreasing gradient scale length for the medium case, for which carb * ϭ1.78 falls near the peak of the viscosity function f j plotted in Fig. 1 . This strong increase in poloidal rotation velocity with steepening pressure gradient is consistent with the results of Ref. 12.
B. Effect of edge neutral density
The flux of fueling and recycling neutral atoms that penetrate into the edge plasma provides an ionization particle ion source ( ionj * ) and a charge-exchange and elastic scattering momentum sink (M j ) for the main ion species. We have made a series of calculations, using the same basic model parameters as in the previous section, to investigate the effect of different concentrations of neutral particles in the plasma edge on the edge poloidal rotation. The results are shown in Fig. 3 for the medium collisionality case. As anticipated from the above physical considerations, an increasing concentration of neutrals in the plasma edge reduces the magnitude of the edge poloidal rotation of both ions and impurities and brings these two velocities closer together.
C. Effect of edge up-down asymmetry
A lower single null ͑LSN͒ or upper single null ͑USN͒ divertor configuration introduces an up-down asymmetry ͑͒ into the flux surface geometry in the edge plasma. A series of calculations were made for USN and LSN configurations with the asymmetry factor varying over the range 0р/⑀р1. The results are shown in Fig. 4 . The effect of edge up-down asymmetry is to reduce the magnitude of the edge poloidal rotation, and there is little difference between the USN and LSN configurations in this respect.
V. COMPARISON WITH OTHER NEOCLASSICAL POLOIDAL ROTATION MODELS
There are ͑at least͒ two other neoclassical models 12, 13 in general use for the calculation of poloidal rotation, both based on the Hirsman-Sigmar ͑HS͒ fluid formulation of neoclassical thery, 14 as is the model of this paper and Ref. 4 . In the HS fluid formalism, kinetic theory effects enter through the constitutive relations. In the constitutive relations used in . The main effect of these differences in constitutive relationships is to introduce temperature gradient terms into the frictional and parallel viscous forces in Refs. 12 and 13 that are absent in this paper and Ref. 4 . Inclusion of these bulk heat flow terms in the friction and parallel viscous forces of this paper, which we intend to do, would double the size of the coupled set of Eqs. ͑22͒-͑24͒, but this larger set of coupled equations presumably would still be solvable by the same general procedure. We note the existence of even more complete models for the parallel viscous force that include such effects as the poloidal variation of the viscous force, 16 orbit squeezing, 17 etc., which are not included in the poloidal rotation models of this paper and Ref. 4 or the models of Refs. 12 and 13.
Since in early neoclassical models 18 the poloidal rotation was proportional to the temperature gradient, it might be expected that the absence of the thermal friction force in the considerably more sophisticated model of this paper and Ref.
4 is a significant deficiency. It is not possible to check this directly. We can only note that the one calculation for an experiment presented in this paper was in agreement with the measured value to within the error bars. Quantitative evaluation of the effect of thermal friction on the calculation of poloidal rotation in the model of this paper must await future extension of this model.
On the other hand, there are two respects in which the model of this paper and Ref. 4 
VI. SUMMARY
We have refined and extended our original neoclassical calculation model for the poloidal velocities and poloidal density asymmetries in a multi-species tokamak plasma. The refinements make more explicit in the formalism the directions of the current, magnetic field and beam momentum input, and introduce a more rigorous representation of the poloidal variation of the toroidal rotation velocity, which is needed as an input to the calculation of poloidal rotation and poloidal density asymmetries. The introduction of new terms representing pressure gradients, ionization particle sources, charge-exchange momentum sinks, and up-down flux surface asymmetries extends the applicability of the calculation model to the edge plasma.
The refined model for the calculation of poloidal rotation and density asymmetries in the core plasma was combined with a neoclassical gyroviscous momentum transport model and a toroidal rotation calculation model. The combined model was used to calculate toroidal and poloidal rotation velocities, momentum confinement times and radial electric fields in good agreement with measurements in a DIII-D shot and to investigate the predicted directionality and collisionality dependencies of these quantities.
We have performed a series of calculations to investigate the effects of pressure gradient, neutral density, and updown asymmetry on poloidal rotation in the edge plasma. We find that increasing the steepness of the edge pressure gradient increases the magnitude of the edge poloidal rotation velocities, while increasing the edge neutral density or the edge up-down asymmetry factor reduces the magnitude of the poloidal rotation in the plasma edge. The edge collisionality was found to have important effects on the edge poloidal rotation.
To put this paper in perspective, we reiterate that although the refined and extended model for the calculation of poloidal rotation and poloidal density asymmetries presented herein could be used in a ''stand-alone'' mode if the toroidal rotation is treated as a known input quantity, this model is intended as part of a coupled neoclassical model 4 for the calculation of poloidal and toroidal rotation that requires only the beam momentum ͑and the plasma density and temperature͒ as input. 
